
A Motion Control Scheme for a WMR based on Input-Output
Feedback Linearization and PID

Abstract— This paper presents a trajectory tracking control
scheme for an underactuated wheeled mobile robot (WMR).
The WMR model used includes the robot kinematics and
dynamics, as well as some DC motor nonlinearities. A control
scheme is proposed contains two loops: the inner one is a PID
controller to handle with the dynamics, and the outer one deals
with the kinematics, using a input-output feedback linearization
of the Follow the Carrot approach. Some different shapes of
trajectories are devised in order to analyse the feasibility of
the method.

I. INTRODUCTION

Three basic control problems can be found in the wheeled
mobile robots (WMR) motion control literature: (a) Point
stabilization: the vehicle is required to stabilize at a given
pose (position and heading); (b) Path following: the vehicle is
required to follow a given geometric path; and (c) Trajectory
tracking: the vehicle is required to track a trajectory, i.e., a
geometric path with temporal properties.

Some control algorithms to solve these problems have
been described in the mobile robotics literature [1]. Clas-
sical methods, such as the Follow the Carrot [2] and the
Pure Pursuit [3], use robot position information to compute
steering commands in order to follow a predefined geometric
path. Variations of these algorithms are also found in the
literature, see for example, [4] and [5]. These algorithms are
known to have poor performance in corners since they do not
take into account the actual curvature of the path. Therefore,
some complex algorithms have been developed recently.

The Follow the Past [6] uses recorded steering commands
information to overcome the problem with sharp trajectory
tracking found in the classical methods; the Vector Pursuit
[?], [8] is a geometric path following method based on the
screw theory; the Valued-based controller [9] integrates the
dynamics of the vehicle model in order to predict optimal
steering commands; a robust Model Reference Adaptive
Controller has also been studied for mobile robots with
uncertainties in the dynamical model [10].

Encarnação and Pascoal [11] introduced a combined tra-
jectory tracking and path following control approach for
WMR. This approach has been improved by other re-
searchers [12]–[14].

This paper addresses a trajectory tracking controller for an
underactuated WMR complete non-linear model presented
by Nørgaard et al. [15], using feedback linearization and
a typical motion control scheme: the Follow the Carrot
algorithm.

Even though the feedback linearization approach has been
proposed in motion control of WMR [16]–[19], this paper

claims novelty while combining in a dual loop controller,
both kinematics feedback linearization under the Follow the
Carrot approach, and dynamics velocity PID.

The paper is structured as follows. In Section II, a com-
plete model formulation of a WMR is introduced, consid-
ering the chassis kinematics/dynamics, and the DC motor
non-linear model. The control system scheme is presented
in Section III. In Section IV, some simulation results are
presented and discussed. Finally, in Section V some conclu-
sions about the feasibility of the proposed control scheme
are drawn.

II. THE UNDERACTUATED WMR MODEL

A differential rectangular WMR is made up of a rigid
frame equipped by two non deformable motor driven wheels.
The robot chassis geometry is defined by the constants: b as
the robot width, l its length, r the wheels radii and df the
distance between the wheels axis and the front of the chassis,
as illustrated by the schematic diagram on Figure 1.
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Fig. 1. The differential rectangular WMR and the coordinate frames.

It is assumed that the robot is moving on a horizontal plane
with a fixed arbitrary inertial frame {O} = {XO, YO}. The
robot coordinate frame {XR, YR} is attached to the robot
chassis on the reference point given by R : (x, y), which
is positioned in the middle of the shaft. The rotation angle
between both coordinates frames is given by θ. Therefore, the
WMR pose is then completely defined by the vector ξO =
[x y θ]T .



A. Kinematic Model

Since both the wheels are individually controlled, the
angular velocities ωr and ωl are independents. Their rela-
tionship with the robot translation velocity v and with the
angular velocity θ̇ can be written as

v =r/2(ωr + ωl), (1)

θ̇ =r/b(ωr − ωl). (2)

The velocity components of R in the inertial coordinate
frame {O} are given by ẋ = v cosθ and ẏ = v senθ.
Hence, the pose time derivative can be presented as the
matrix equation

ξ̇O =

 ẋ
ẏ

θ̇

 =

 rcosθ/2 rcosθ/2
rsenθ/2 rsenθ/2
r/b −r/b

[ ωr
ωl

]
. (3)

Note that the model is underactuated, i.e., the number of
independent controls input ([ωr ωl]T ∈ R2) is less than the
number of degrees of freedom ( ξ̇O ∈ R3 ), imposed by the
non-holonomic constrain ẋsenθ − ẏcosθ = 0.

B. Chassis Dynamic Model

The nonlinear relationship between the forces from each
wheel on XR direction (Fxr,Fxl) and the angular velocities
(ω̇r,ω̇l) are given by1
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where M and I are the chassis mass and the moment of
inertia respectively, and b is the distance between the chassis
center of mass and the reference point R.

C. DC Motor Dynamic Model

The DC motor model is presented as block diagram on
the Figure 2, where s is the Laplace transform operator.
The armature resistance Ra and inductance La, as well as
the shaft moment of inertia Jm and damping coefficient bm
are constants in time. The electromechanical conversion is
given by the constants Kt = Tm/ia and Ke = e/θ̇m.
Furthermore, armature current saturation, motor start dead
zone and frictions (Stiction and Coulomb) are added as
nonlinearities [20].

D. The Complete Robot Dynamic Model

Let a linear gear relationship between motor and wheel
shafts given by 1/N . It gives the relationships ωm = Nω
and Fr = Nτ . Let also consider the same motor and wheel
in both sides.

1Complete details about this formulation, see [15].

The dynamic relationships given by Equation 4 as well as
the transfer function related with the block diagram in the
Figure 2 yield the complete mobile robot model, given by
the following equations2 [15]:
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III. THE CONTROL SYSTEM

A. Input-Output Feedback Linearization

The feedback linearization approach [21] is based on the
cancelling of system nonlinearities while imposing desired
linear dynamics. The central idea is to algebraically trans-
form nonlinear system dynamics into fully or partly linear
ones, so that linear control techniques might be be applied.

Let a system described by the companion form as x(n) =
f1(x)+f2(x)u, where u ∈ Rp is the control input, x ∈ Rn
is the state vector and f1(x) and f2(x) are nonlinear function
of states. Using the control input

u = (f2)
−1 [v − f1] , (7)

and if f2 is not singular the nonlinearities can be cancelled,
hence an input-output relation x(n) = v is obtained. The
control law v must be chosen such that the internal dynamics
becomes stable. This approach has been efficiently applied
for WMR motion control, see for example [16]–[18], [22].

B. The Follow the Carrot scheme

The Follow the Carrot [2], [5] trajectory tracking approach
originates from the idea of holding a carrot in front of a horse
to force the animal to move in desired direction.

Let Cp = (xref , yref ) ∈ {O} as the coordinates of the
Carrot Point moving in a predefined time parametrized and
obstacle free geometric path. The vector vcp represents the
Carrot Point velocity in the plane.

2Due to may be possible to easily write these equations algebraically, the
current saturation and the dead zone were neglected.
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Fig. 2. Nonlinear DC motor model block diagram (adapted from [15]).

A virtual segment line is drawn from the center R =
(x, y) ∈ {O} of the robot to the Carrot Point Cp. Also
a distance gap ρ within the same virtual segment line is
considered to avoid singularity problems.

In face of these considerations, two errors are here defined:
the linear error el, distance from the robot to the Carrot
Point Cp; and the heading error eθ, the angle between the
robot direction and the Carrot Point Cp, as illustrated by the
Figure 3.
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Fig. 3. The Follow the Carrot scheme.

The components of the linear error in the XO and the
YO directions are respectively given by ex = (xref −x) and
ey = (yref−y). This way, the errors el and eθ can be written
as:

el =
√
e2x + e2y − ρ,

eθ =tan
−1

(
ey
ex

)
− θ, (8)

and the error derivatives become

ėl =
ex(ẋref − ẋ) + ey(ẏref − ẏ)

el
,

ėθ =
ex(ẏref − ẏ)− ey(ẋref − ẋ)

e2l
− θ̇. (9)

Substituting the kinematic unicycle model given by the
Equation 3 (considering the angular wheel velocities as
references, i.e., ω → ωref ) into the Equation 9 and after
some algebraic manipulations yields[

ėl
ėθ

]
= f1R

[
ẋref
ẏref

]
+ f2

[
ωrefr
ωrefl

]
, (10)

where the nonlinear functions of errors are
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+( exel ) +
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el

)
−
(
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)
+
(
ex
e2l

) , (11)
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−B− r
b −B+ r

b

]
,

with terms inside the f2 matrix are given by:

A =

[
r

2el
(excosθ + eysinθ)

]
, (12)

B =

[
r

2e2l
(exsinθ − eycosθ)

]
.

Let choose the control signal:[
ωrefr
ωrefl

]
= f−1

2 ·
(
K

[
el
eθ

]
− f1R

[
ẋref
ẏref

])
, (13)

where K =
(
Kl 0
0 Kθ

)
is a diagonal matrix of gains. As alge-

brical canceling consequence, the dynamic of error become
simply: [

ėl
ėθ

]
= K

[
el
eθ

]
(14)

The errors el and eθ converge to zero if and only if the
eigenvalues of K are negative.

C. Computational implementation

Both kinematic (Eq. 3) and dynamic model (Eq. 5 , 6)
are implemented as Simulink systems. The error calculation
(Eq. 8) and the pose controller (Eq. 13) are implemented
as algorithms in Matlab environment. Furthermore, a PID
algorithm is implemented in Matlab to handle with the robot
dynamics and it controls the velocity of the robot wheels,
named Velocity Controller. The aim of this controller is to
bring the robot wheels velocities ωr and ωl to the references
given by the equations 13.
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Fig. 4. Closed loop system block diagram. The numbers inside the blocks refer to the reference numbers of equations.

Due to implement a PID control law in terms of discrete
time, the velocity (or difference) PID form is required. Let
define the velocity errors eωl = (ωrefl − ωl) and eωr =
(ωrefr−ωr), the velocity control signals at each time interval
k are recursively given by:

dur(k) = (Kpu +Kiu +Kdu)eωr(k)− (15)
− (Kpu + 2Kdu)eωr(k − 1) + (Kdu)eωr(k − 2),

dul(k) = (Kpu +Kiu +Kdu)eωl(k)−
− (Kpu + 2Kdu)eωl(k − 1) + (Kdu)eωl(k − 2).

The subscript u refers to voltage; Kpu, Kiu, Kdu are the
PID gains. As result, the control signal are:

ul(k) = ul(k − 1) + dul(k), (16)
ur(k) = ur(k − 1) + dur(k).

This controller imposes the input voltages to the dynamic
model which, in turns, gives to kinematic model the wheels
angular velocities. The complete closed loop control system
is illustrated as a block diagram in Figure 4.

IV. EXPERIMENTAL RESULTS AND
DISCUSSIONS

The WMR motor and chassis parameters were chosen
from an author real project. They are shown on Table I. All
of the simulations were performed with time discretization
δt = 0.05s.

TABLE I
THE WMR PARAMETERS

Motor Geometry
La 6.2*10−3 H b 0.3 m
Ra 8.33 Ω l 0.5 m
Ke 3.95*10−2 V s/rad df 0.15 m
Kt 3.95*10−2 Nm/A r 0.1 m
bm 8.13*10−6 Nms/rad h 0.0 m
Jm 7.13*10−9 kgm2 M 10.0 kg
τc 3.53*10−3 Nms/rad I 0.28 kgm2

Ts 7.80*10−3 Nms/rad N 19.7 rad/rad

Some sets of PID parameters were tested to choose
empirically the optimal tuning via Ziegler and Nichols
approach. The optimal set chosen is [Kpu,Kiu,Kdu] =
[60.0, 10.0, 0.0].

Thereafter, with the gain matrix tuned as K =
(−40 0

0 −60

)
,

and a gap ρ = 0.1m, some trajectories are tested as
illustrated in Figure 5: a straight line and a circular pattern,
both with constant velocity; a sinusoidal pattern with velocity
component in the y direction constant and a spiral trajectory
with exponential velocity. In all performed simulations, the
WMR motion reaches predefined geometrical paths and
tracks the reference which is defined by the movement of
the Carrot Point CP .
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Fig. 5. Tested trajectories. The red line represents the desired geometric
path and the blue line represents the WMR motion behavior.

Furthermore, a specific trajectory, with smooth and sharp
curvature sections, is chosen in order to foster discussions
about the effectiveness of this approach. The trajectory track-
ing simulation results are illustrated in Figure 6. Likewise,
it is possible to note that after some transient period the
geometric path is tracked satisfactorily.

The Figure 7 illustrated the relevant signals of this sim-
ulation. When the curve becomes a little sharper, on time
instants t = 5, t = 15, t = 25 and t = 35, the controller acts
to reject the disturbances and to stabilize the tracking task.



−5 −4 −3 −2 −1 0 1 2 3 4 5
−5

−4

−3

−2

−1

0

1

2

3

4

5

y[
m

]

x[m]

Initial Pose
t=0sec

t=5sect=15sec

t=25sec

t=35sec

Final Pose
t=40sec

Fig. 6. The specific trajectory with a mix of curvature sections. Selected
gains are Kl = −40 and Kθ = −60.

0 10 20 30 40
0

200

400

(a) Left Wheel ω
refl

 and ω
l

[r
ad

/s
]

0 10 20 30 40
0

200

400

(b) Right Wheel ω
refr

 and ω
r

[r
ad

/s
]

0 10 20 30 40
0

5

10

(c) Left Motor Voltage − u
l

[V
]

0 10 20 30 40
0

5

10

(d) Right Motor Voltage − u
r

[V
]

0 10 20 30 40
−2

0

2

(e) Linear Error − e
l

[m
]

Time[sec]
0 10 20 30 40

−0.5

0

0.5

(f) Heading Error − eθ

[r
ad

]

Time[sec]

Fig. 7. The experiment signals: The left (a) and the right (b) angular wheel
velocities and their references; the left (c) and the right (d) motor voltages;
(e) the linear error and (f) the heading error.

In the bottom part of figure, it can be note that both the
linear error el and the heading error eθ do not converge to
zero.

Finally, another extra experiment was performed to verify
this steady state error in the long term behavior. An eight
full cycle lemniscata trajectory was applied as reference for

360 seconds. In the same way, the gain matrix was tunned
as K =

(−40 0
0 −60

)
. This simulation result can be viewed in

the Figure 8.
The simulation error through the 360 seconds is illustrated

in the Figure 9. It can be noted in both figures that even
though the error is present, the WMR tracks the trajectory.
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Fig. 8. An eight cycle lemniscata as reference to the WMR motion in red
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V. CONCLUSIONS

In this paper, we have studied the trajectory tracking
problem of a non-holonomic and highly nonlinear wheeled
mobile robot model. The dual loop controller proposed
contains a velocity PID controller and a novel input-output
feedback linearization of the Follow the Carrot approach, as
the work main contribution. Some simulations demonstrated
that our proposed controller drives the WMR satisfactorily
even in abrupt changes of the trajectory. Our future work is
related to apply this controller to track trajectories generated
by a real time planner.
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